The purpose of this paper is to characterize group congruences on Q-regular semigroups in terms of Q-full and Q self-conjugate subsemigroups. Several equivalent expressions for any group congruence on Q-regular semigroups are given.
Introduction and Preliminaries
Let S be a regular semigroup and E(S) the set of idempotents of S. For any a ∈ S, V (a) denotes the set of all inverses of a. The concept of V -regular semigroups was firstly introduced by Onstad [8] . This class of semigroups is dual to orthodox semigroups, that is, a regular semigroup S is called V -regular if for all a, b ∈ S we have V (ab) ⊆ V (b)V (a). As a generalization of V -regular semigroups, Li [6] introduced a new class of regular semigroups, called Qregular semigroups, if there exists a non-empty set V Q ⊆ V (a) satisfying the following conditions :
(1) aa + ∈ V Q (aa + ) and a + a ∈ V Q (a + a) for any a ∈ S and a + ∈ V Q (a);
(2) V Q (ab) ⊆ V Q (b)V Q (a) for all a, b ∈ S.
The a + which satisfies above conditions is called a Q-inverse of a and V Q (a) denotes the set of all Q-inverses of a. An example of Q-regular semigroups was given in [6] which showed that the class of these semigroups properly contains the class of V -regular semigroups. In what follows, Li [6] also gave an equivalent characterization of Q-regular semigroups:
A regular semigroup S is Q-regular if and only if there exists a set Q ⊆ E(S) satisfying the following conditions :
(1) Q ∩ L a = ∅ and Q ∩ R a = ∅ for any a ∈ S;
Recall that a congruence ρ on a semigroup S is said to be a group congruence if S/ρ is a group. If S is a regular semigroup, a subset H of S is said to be full if E(S) ⊆ H, and H is said to be self-conjugate if aHa ⊆ H and a Ha ⊆ H for all a ∈ S and all a ∈ V (a). LaTorre [5] described the group congruence on regular semigroups in terms of full and self-conjugate subsemigroups. Hanumantha and Lakshmi [3] has extended this result to eventually regular semigroups. Further characterizations of group congruences on an Einversive semigroup has been obtained by Zheng [9] . Edwards [1] and Gigoń [2] characterized group congruences on arbitrary semigroups.
In this paper, we firstly give some properties of Q-regular semigroups. As follows, we will characterize group congruences on a Q-regular semigroup in terms of Q-full and Q self-conjugate subsemigroups. Finally, several equivalent expressions for any group congruence on Q-regular semigroups are given. Unless otherwise defined, our notation will be that of [4] .
On Q-regular semigroups
In this section, we will give some properties of Q-regular semigroups.
Proposition 2.1. Let S(Q) be a Q-regular semigroup. Then charcateristic set
Proof. Let
For any a ∈ S, a + ∈ V Q (a), by the definition of V Q (a), a ∈ V Q (a + ), and so
Obviously, Q 1 ⊆ Q. For any x ∈ Q ⊆ E(S), we have x ∈ V Q (x), and so
Proof. For any a ∈ V Q (a), we have
And
hence,
That is, ea + f ∈ V (a). And
Group congruences
In this section, we will characterize group congruences on a Q-regular semigroup in terms of Q-full and Q self-conjugate subsemigroups. Several equivalent expressions for any group congruence on Q-regular semigroups are given.
Definition 3.1. A subset H of a Q-regular semigroup S(Q) is said to be Q selfconjugate if aHa + ⊆ H and a + Ha ⊆ H for all a ∈ S(Q) and all a + ∈ V Q (a), and H is said to be Q-full if Q ⊆ H.
By [7, Proposition 2], we deduce the following:
Lemma 3.2. If for every element a of a Q-regular semgiroup S(Q), there exists a unique x ∈ S(Q) such that ax ∈ Q, then S(Q) is a group.
Let C be the class of all Q-full and Q self-conjugate subsemigroups of a Q-regular semigroup S(Q), and W be the least element in C.
For any subsets H and B of S(Q), let Hω B = {a ∈ S(Q) : (∃b ∈ B)ba ∈ H}.
If B = E(S)
By the characteristic kernel of a congruence ρ on a Q-regular semigroup S(Q), we mean ckerρ = {a ∈ S(Q) : (∃e ∈ Q)(a, e) ∈ ρ}.
It is easy to see that if ρ is a group congruence on S(Q), then ckerρ is closed.
For any H ∈ C, we define a binary relation ρ H on S(Q) as follows:
Theorem 3.3. If H ∈ C, then ρ H is a group congruence on S such that ckerρ H = Hω. Conversely, if ρ is a group congruence on S(Q), then ckerρ ∈ C and ρ = ρ ckerρ .
Proof. Let H ∈ C. Since (aa + )a = a(a + a) with aa + , a + a ∈ Q ⊆ H for a + ∈ V Q (a), we have that ρ H is reflexive. If aρ H b, then xa = by(x, y ∈ H), thus
implies bρ H a. ρ H is transitive; for, if aρ H b, bρ H c, then xa = by, zb = cw(x, y, z, w ∈ H), thus (zx)a = z(xa) = z(by) = (zb)y = (cw)y = c(wy)
and aρ H c. ρ H is a congruence on S(Q); for, if aρ H b, c ∈ S(Q), then xa = by(x, y ∈ H), thus
hence acρ H bc, and
hence caρ H cb. S/ρ H contains a unique idempotent; for, if aρ H , bρ H ∈ Q(S/ρ H ), then a 2 ρ H a, b 2 ρ H b, thus xa = a 2 y, bt = sb 2 (x, y, s, t ∈ H) and for any a
hence aρ H = bρ H . Suppose (ax)ρ H and (ay)ρ H are elements of Q(S/ρ). Since |Q(S/ρ H )| = 1, we have axρ H ay so (yy + a + a)xρ H y(y + a + ay) for a + ∈ V Q (a), y + ∈ V Q (y). Hence (zyy + a + a)x = y(y + a + ayw) for some z, w ∈ H. Thus xρ H y, that is, xρ H = yρ H . Since S/ρ H is Q-regular, it follows by Lemma 3.2 that S/ρ H is a group. If a ∈ ckerρ H , then aρ H q for some q ∈ Q, and so xa = qy for some x, y ∈ H. Thus a ∈ Hω. Conversely, if a ∈ Hω, then ha ∈ H for some h ∈ H. (ahaa + )a + a = a(haa + a + a) for any a + ∈ V Q (a) implies aρ H a + a, thus a ∈ ckerρ H . Conversely, let ρ be a group congruence on S(Q) and let H = {h ∈ S(Q) : hρ is the identity of S/ρ}. Clearly, Q ⊆ H and H is a subsemigroup of S(Q). For each a ∈ S and a + ∈ V Q (a), a + ρ is the group inverse of aρ ∈ S/ρ. So for any h ∈ H, (aha + )ρ = (aa + )ρ is the identity of S/ρ. Thus aha
Conversely, if aρ ckerρ b, then xa = by for some x, y ∈ ckerρ. Since ρ is a group congruence on S(Q), xρ = yρ is the identity in S/ρ. Thus aρ = bρ, that is, aρb. (1) aρb;
(6) axb + ∈ H for some x ∈ H and all b + ∈ V Q (b); (7) a + xb ∈ H for some x ∈ H and all a + ∈ V Q (a); (8) bxa + ∈ H for some x ∈ H and all a + ∈ V Q (a); (9) b + xa ∈ H for some x ∈ H and all b + ∈ V Q (b);
(10) ax = yb for some x, y ∈ H;
(11) xa = by for some x, y ∈ H;
(12) HaH ∩ HbH = ∅.
(2) ⇒ (1) If ab + ∈ H, then ab + ρq for some q ∈ Q. So ab + bρqb. Since b + bρ = qρ is the identity of the group S/ρ, aρ = bρ, that is, aρb. Hence (1) and (2) are equivalent. Similarly, (1) , (3), (4) and (5) are equivalent.
(6) ⇒ (7) Assume axb + ∈ H for some x ∈ H and all b
+ xb ∈ H for some x ∈ H and all a + ∈ V Q (a), then (a + a)x ∈ H and a(a + xb) = (aa + x)b. (10) ⇒ (12) If ax = yb for some x, y ∈ H, then yax 2 = y 2 bx, so HaH ∩ HbH = ∅.
(12) ⇒ (6) Let HaH ∩ HbH = ∅. Assume xay = x 1 by 1 for some
Thus (a + xa)y ∈ H, and so
Hence (6), (7), (10) and (12) are equivalent. Interchanging the roles of a and b shows that (8) , (9), (11) and (12) are equivalent, so (6) ∼ (12) are equivalent. But (1) and (11) are same by Theorem 3.3.
Proposition 3.5. If H ∈ C, then Hω ∈C and Hω ∈ C. Moreover, Hω = {a ∈ S : (∃h ∈ H)ah ∈ H} and Hω = {a ∈ S : (∃w ∈ W )aw ∈ H}.
Proof. Let H ∈ C. Then Hω = ckerρ H ∈C. Let A = {a ∈ S : (∃h ∈ H)ah ∈ H}. If a ∈ A, then ah = h 1 for some h, h 1 ∈ H. For a ∈ V Q (a), we have that (a ah)a = a (ah)a = a h 1 a ∈ H and a ah ∈ QH ⊆ H.
Thus a ∈ Hω. Conversely, if a ∈ Hω, then ha = h 1 for some h, h 1 ∈ H, and so for any a ∈ V Q (a), a(haa ) = a(ha)a = ah 1 a ∈ H and haa ∈ HQ ⊆ H.
Hence a ∈ A. Consequently, A = Hω.
To show that Hω is Q-full, it suffices to show that H ⊆ Hω , since H is Q-full. If h ∈ H, then hh h ∈ QH ⊆ HH ⊆ H for h ∈ V Q (h). Now hh ∈ Q ⊆ W , so h ∈ Hω . To show that Hω is Q self-conjugate, let x ∈ Hω , a ∈ S(Q), a ∈ V Q (a) and x ∈ V Q (x). Then wx ∈ H for some w ∈ W . Let h = a x aa (wa)aa xa, u = a x aa wxa = a (x (aa w)x)a.
That H is Q self-conjugate implies h ∈ H. That W ∈ C implies u ∈ W . Notice that h = u(a xa), we have that a xa ∈ Hω . Similarly, we can deduce that axa ∈ Hω . To see that Hω is a subsemigroup of S(Q), let a, b ∈ Hω . Then wa, ub ∈ H for some w, u ∈ W . For any (ab) + ∈ V Q (ab), there exist a + ∈ V Q (a), b + ∈ V Q (b) such that (ab) + = b + a + . Since b + a + waub = b + ((a + wa)u)b ∈ W and (b + a + waub)ab = b + a + (waub)ab ∈ H, ab ∈ Hω . The proof that Hω = {a ∈ S : (∃w ∈ W )aw ∈ H} parallels the corresponding proof for Hω.
